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Turbulence Modeling Approaches

Traditional TM
Model the Reynolds stress (𝑅!")

• Boussinesq assumption, 𝑅!" ∝ velocity gradients
• Utilize turbulence physics to improve

Examples
• Baldwin-Lomax 0-eq
• Spallart-Allmaras 1-eq

• Transport eq. for isotropic 𝜈#
• As many as 12 coefficients depending on PoV
• Originally tuned to Samuel-Joubert flow and RAE 

2822 airfoil
• Many variations/improvements

• 2-eq/Algebraic 𝑅!" models many more coefficients 
and variations

ML Enhanced TM
ML Assessment of Turbulence Physics

• Compute 𝑅!" and turbulence source terms from LES/DNS 
data

• Determine how well existing turbulence models correlate 
to “truth” data

• Directly assess the Boussinesq assumption
• Directly assess derived turbulence physics

ML Optimization of TM model coefficients
• Experimental Objective Functions – Yoder and Orkwis
• Utilize LES/DNS “truth” data
• Local or global variable driven

ML Classification of Flows
• Ling and Templeton/Fuchi et al. variables

ML TM Development
• ML unsupervised learning to “discover” correlations 

between classification variables and equations based on 
them from LES/DNS data to derive new turbulence model 
forms
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Reynolds Stresses

• “Reynolds stress,” 𝑅"# ,is a 
consequence of the so-called 
Reynolds averaging process applied to 
the Navier-Stokes equations.

𝑅"# = −𝜌𝑢"$𝑢#$

• Derivatives of these terms appear in 
the Reynolds averaged Navier-Stokes 
equations (RANS).

https://en.wikipedia.org/wiki/Reynolds-
averaged_Navier%E2%80%93Stokes_equations

• Boussinesq proposed that

https://en.wikipedia.org/wiki/Turbulence_modeling

𝑅!" and subsequently 𝜈# or 𝜇# can be computed directly from 
LES/DNS data, embodying all the modeling assumptions 
made in the scheme.

Back

𝜇$+ 𝜇#
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𝑇𝑆𝑇

https://en.wikipedia.org/wiki/Reynolds-averaged_Navier%E2%80%93Stokes_equations
https://en.wikipedia.org/wiki/Turbulence_modeling


Turbulence Modeling
Turbulence Model Process

!𝑈 → 𝐹 !𝑈 → 𝜇!|𝑅𝑒" → 𝑇𝑆𝑇
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𝐶#, 𝐶$ , 𝑒𝑡𝑐.
Objective 
Function

!𝑈%&'()

Turbulence Model Optimization
𝐹 !𝑈%&'(); 𝑐*, ⋯ , 𝑐'

Experimental Data

!𝑈%&'()

Requires 1 CFD solution for each set of coefficients 



Algebraic Turbulence Models
• Johnson and King, Cebici and 

Smith, and Baldwin and Lomax 
invented models using Prandtl’s 
mixing length idea to form 
algebraic turbulence models that 
work well near walls.

https://www.cfd-online.com/Wiki/Baldwin-Lomax_model

Introducing the essential 
idea of fitting coefficients 
to match experiments.

Notably:
Garabedian-Korn airfoil
Horstmann-Hung ramp
Hopkins-Inouye plate

Back
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Spalart-Allmaras 1-eq Model
• Spalart and Allmaras created a  

1-equation model for the 
transport of 𝜈+

Up to 12 depending on 
how you count them.
Their case was correlated 
against Samuel-Joubert 
and RAE 2822 airfoil

https://www.cfd-online.com/Wiki/Spalart-Allmaras_model
Back
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https://www.cfd-online.com/Wiki/Spalart-Allmaras_model


Reynolds Stress Models
Transport equations for 𝑅&, are 
derived in Reynolds Stress 
Transport models 

Which produce more and more coefficients.

An attempt at such modeling was 
made by Yoder and Orkwis using 
ML ideas against Delville’s jet 
data.
Yoder, D. A., & Orkwis, P. D. (2021). On the use of optimization techniques for 
turbulence model calibration. Computers & Fluids, 214, 104752.

Back
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ML Turbulence Modeling - 1
Turbulence Model Process

!𝑈 → 𝐹 !𝑈 → 𝜇!|𝑅𝑒" → 𝑇𝑆𝑇
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𝐶#, 𝐶$ , 𝑒𝑡𝑐. Objective 
Function

!𝑈%&'()

Turbulence Model Optimization
𝐹 !𝑈%&'(); 𝑐*, ⋯ , 𝑐'

Experimental Data

!𝑈%&'()

Requires 1 CFD solution for each set of coefficients 



NN Model Accuracy

X Turbulent Source Term Y Turbulent Source Term 9

ML Model

TensorFlow NN used with a tanh loss function at all layers
12 node input layer
3 hidden layers of 30 nodes
1 output

To show validity of using a NN to fit lower fidelity data, 
used an 80-20 train-test split

Trained the X and Y turbulent source terms independently



The inferred turbulent source term can be computed from the LES/DNS data. This is the 
term that should be compared to the turbulence model source term. 

𝜌 &𝑢#
𝜕 &𝑢"
𝜕𝑥#

= 𝜌&𝑓" +
𝜕
𝜕𝑥#

−𝑝̅𝛿"# + 𝜇
𝜕 &𝑢"
𝜕𝑥#

+
𝜕 &𝑢#
𝜕𝑥"

− 𝜌𝑢"$𝑢#$

So that the governing equations become:

𝜌 &𝑢#
𝜕 &𝑢"
𝜕𝑥#

= 𝜌&𝑓" +
𝜕
𝜕𝑥#

−𝑝̅𝛿"# + 𝜇
𝜕 &𝑢"
𝜕𝑥#

+
𝜕 &𝑢#
𝜕𝑥"

+ Τ"

Where the LES/DNS data provides: Τ" = −
)*+"

#+$
#

),$

And turbulence modeling uses: 0Τ" =
)
),$

𝜇-
)+"
),$

+ )+$
),"

or some variation.

Turbulent Source Term
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ML Turbulence Modeling - 2
Turbulence Model Process

!𝑈 → 𝐹 !𝑈 → 𝜇!|𝑅𝑒" → 𝑇𝑆𝑇

11

Objective 
Function

!𝑈(𝑥, 𝑦, 𝑧)

Turbulence Model Optimization
𝐹 !𝑈(𝑥, 𝑦, 𝑧); 𝑐*, ⋯ , 𝑐'

𝑇𝑆𝑇𝐿𝐸𝑆(𝑥, 𝑦, 𝑧)

!𝑈%&'()

𝑇𝑆𝑇(𝑥, 𝑦, 𝑧)
Requires n CFD solutions – based on the n LES cases we want to employ



ML Turbulence Modeling - 3
Turbulence Model Process

!𝑈 → 𝐹 !𝑈 → 𝜇!|𝑅𝑒" → 𝑇𝑆𝑇
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Objective 
Function

!𝑈(𝑥, 𝑦, 𝑧)

Turbulence Model Optimization
𝐹 !𝑈(𝑥, 𝑦, 𝑧); 𝑐*(!𝑈),⋯ , 𝑐'(!𝑈)

𝑇𝑆𝑇𝐿𝐸𝑆(𝑥, 𝑦, 𝑧)

!𝑈%&'()

𝑇𝑆𝑇(𝑥, 𝑦, 𝑧)
Requires n CFD solutions – based on the n LES cases we want to employ



Classification: Ling and Templeton Variables
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What’s Needed…

• Clean LES/DNS data that has been run sufficiently long for meaningful 
statistical data.
• High quality grids
• Sufficient 𝑇.
• Mean flow solution throughout the field
• Reynolds stresses throughout the field
• Able to create TSTs at each point

• A good idea of what variables best characterize a flow.
• Including the scale at which to characterize (global, local, cell).

• A broad range of “different” solutions.
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Questions?
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